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Abstract-The dynamic properties of the ac-driven damped Toda lattice are studied using nu- 
merical simulations. The threshold effect of the drive parameter and the stability conditions are 
investigated by varying the all essential parameters. The collisions of solitons under the influence of 
the external drive are explored. The drive scheme is also adapted to the continuum system. 
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1. TODA LATTICE 
The Toda lattice, sometimes referred to as the exponential lattice, was first proposed by M. Toda 
in 1967 [l]. This system was used to model the nonlinear effects of lattice vibrations in crystals in 
an effort to study the partition of energy among various modes of vibration, thermal expansion 
under excitation, the finiteness of the thermal conduction, etc. The Toda lattice can be regarded 
as a l-dimensional system of equal masses connected by nonlinear springs. The exponential 
restoring force is caused by the nearest neighbor interaction potential 
r#~ = i epbr + ar (a, b > 0). (1) 
The first, term represents a repulsive force and the second an attractive force. If gn denotes the 
displacement, of the nth particle from its equilibrium position we have T, = yn - yn+l, and the 
corresponding equations of motion are 
m (%$) = a [e-b(vn-vn-d _ e-b(s.+e.4] . 
This equation has various particular solutions [2-41: periodic solutions (cnoidal waves) and soli- 
tary wave solutions (single soliton and multisoliton solutions). The simplest solution is a single 
soliton: 
with 
e-br, _ 1 = /3%ech2(pn f @T) (3) 
p = /$ sinh(p). (4 
Sometimes it is more convenient to write the equation of the motion of the exponential lattice in 
other forms. For example, if we introduce V, by 
V, = embrn - 1, (5) 
‘&wet by 4&-‘W 
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equation (2) takes the form 
g ln(1 + V,) = V,-I + Vn+l - 2v,, (6) 
where t = @r, or in a 2-component form 
& ln(1 + Vn) = 1, - &+I, 
a,&& = v,_, - v,. 
(7a) 
(7b) 
These forms are especially suitable for describing the nonlinear electrical transmission line when 
V, represents (scaled) voltage and 1, (scaled) current (see Figure 1) [5]. The transmission line 
is equivalent to the Toda lattice, if the nonlinear capacitance in the LC-ladder circuit has the 
voltage dependence C(V) = Qo/(Fo--Vo+V), where Qe, F 0 and VO are parameters characterizing 
the nonlinearity. 
Figure 1. A section of the nonlinear transmission line. V, and Vn-l denote voltage, 
In and I,,+1 current. 
Toda lattice is an integrable soliton system with all solitonic properties (multisoliton solutions, 
elastic collision of solitons, etc.) and its initial value problem can be solved using the inverse 
scattering method [6-111. If we define operators 2 and g by the formulas 
bin = %6-l + an+1&&+1+ b,&, 
&n = %+ldJn+l - %&n-l, 
@a) 
(8b) 
where & is the (time-dependent) eigenvector, a, and b, (time-dependent) coefficients, we find 
that the integrability condition &2 = [g, 21 of the linear problem (A is an eigenvalue correspond- 
ing to k) 
is equivalent to the original equation (7) through the transformation 
v, = 4a;+, - 1, 
I, = 2b,+l. 
(lOa) 
(lob) 
It is assumed that a, + l/2, b, + 0 when ]n] -t 00. 
For sufficiently large n the asymptotic solution of the eigenvalue equation (14a) is & M zn, 
where z is related to X by X = (1/2)(t+z-‘). Straightforward calculations show that the general 
solution of (9a) can be written in the form (K(oo, co) = 1) 
m 
&(z) = c K(n,n’) z”‘. (11) 
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By substituting the solution &(z) to (9a), we obtain 
K(n, n) 
on= 2K(n-l,n-1)’ (12a) 
b = K(n,n+l) K(n - 1, n) 
IR 2K(n,n) -% K(n,n) * P) 
This implies that we can determine a, and b,, the motion of the lattice, from the knowledge of 
the wave function &(z). 
In order to investigate the propagation of the wave &(z), we define the Jost functions @n(z) 
and Qn(z), from the set C&(Z), by the asymptotic form 
&l(z) --) zn, n--,+00, (isa) 
*&Z> ---) Z+, n+--00, (13b) 
and ipn(,rV1) and Qn(zel) in a corresponding manner. QEl,(z) and an(z) can be expressed as 
Q*(Z) = P(z) %(Z) + a(z) @?C1), Pa) 
@T&(z) = P(z) *71(z) + 34 Q&-l), (14b) 
with the compatibility conditions 
P(z) = --p(z--i), E(z) = a(z), loI = IPI2 + 1. (15) 
The scattering function is defined by 
%3(z) Sri(z) = - = 
a(z) 
%(z-‘) + W-4 %(z>, (1’3) 
where R(z) = p(z)/a(z) is th e reflection coefficient. @pn(z) is the reflecting wave propagating 
towards the right to n --+ +oo, and (Pn(z-l) the incident wave from n + +oc towards the left. 
Simple calculations with (15)-(16) and (9a) produce the relation 
a(z) = 2 {Qn(z) %+1(z) - Qn+l(Z) @‘n(z)1 ’ (17) 
Generally 2 will have both a discrete spectrum (inside the unit circle in the complex plane 
of z) and a continuous spectrum (on the unit circle). The zeros zj of o(z) correspond to bound 
states (= solitons) with the wave functions &(zj) = pQ,(zj) = ~P(zj)Q~(zj), where p is the 
normalization constant. 
In computer simulations, the formula (17) is very useful as a(z) must be independent of n. For 
large n, Qn + zn, and we get 
Q(Z) 
2aM+l 2aM+l M 
z - z-l ( 
z”+lx!!M - ZMQM+l = - 
> 22 - 1 ( z2% - @M+l , > (18) 
where 8, = znQn = 1 and M >> 1. 8, can be calculated numerically from (eigenvalue equation 
solved for &+I) 
1 
8 - 
z2 + 1 
n+l = an+1 0 - 2 - zb, 1 Q, - anz20n-l 1 (19) 
with 0-~ = e-~-r, N >> 1, by using iteration. To determine the actual soliton spectrum of 
the lattice, including the case of some modifications of the Toda lattice (e.g., the dissipative and 
ac-driven Toda lattice), the system is integrated up to some time t, the quantities a, and b, are 
calculated from (lo), and then 8,(z) are iterated up to large M from z = -1 to z = 1. The 
bound states are easily picked out from the zeros of a(z). With this method it is possible to 
get quite accurate information about the temporary soliton content of the lattice. By looking at 
the form of the soliton solution, we cannot say much about its amplitude, especially when it is 
narrow, because its maximum will not be exactly at the lattice point. The eigenvalue method 
is also much more accurate than fitting the soliton solution to the values of the lattice points 
in order to find the real amplitude. If the shape of the solution is heavily distorted from the 
ideal soliton solution due to some perturbations, the eigenvalue analysis does not tell the “real” 
amplitude of the pulse; but this method, however, produce useful and consistent results. 
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2. DISSIPATIVE TODA LATTICE 
Completely integrable soliton systems are important in physical applications because of the 
permanent character of the soliton. However, in real applications there are always various effects 
which destroy the ideal integrability. In the Toda lattice, these can arise from different kinds 
of interfaces [12,13], forcing mechanisms [14,15], inhomogeneities [16], etc. In the case of the 
transmission line analogy, the inherent losses in the real components are unavoidable, and in 
practice the most serious deviation from the ideal system is due to dissipation, which, in general, 
is also the most common effect since every system is subject to some energy losses. As a result 
of dissipation, the exactly integrable character of the equation is destroyed, but for the weak 
dissipation one may still use the inverse scattering theory in the perturbative form [17-191. If the 
dissipation is strong, the methods of soliton theory are no longer applicable. Nevertheless, some 
solitonic properties (decreasing traveling wave solution attracting all nearby initial conditions, 
elastic collisions, etc.) persist even with strong dissipation as demonstrated in [20-223. 
Figure 2. A section of the nonlinear transmission line with dissipation. R represents 
serial resistance and G parallel conductance. 
Dissipation can be included in the Toda lattice in many ways, but if we look at the transmission 
line analogy certain dissipation terms arise naturally: the circuit with losses is shown in Figure 2. 
The corresponding (scaled) network equations are [23] 
&ln(l+ Vn) = I, - In+1 - PV,, (W 
a,1, = v,_, -v, -al,, WJb) 
and after eliminating In, 
@W+ Vi> +dW+ V,)+p&V, +@v, = vn+l + v,_~ - zv,, (21) 
where cr corresponds to the serial resistance R and ,0 corresponds to the parallel conductance G. 
As a result of dissipation (o and/or ,8 # 0) the traveling solitary wave decreases and a tail is 
formed behind it. Figure 3 shows how the soliton changes because of the dissipation. The initial 
state (at the top) is given by an ideal one-soliton solution 
V, = sinh2(R) sech2[sinh(S2) t - Rn + 601 (22) 
centered around the lattice point n = 200 with the initial amplitude 0 = 1.50. The corresponding 
initial state for 1, is calculated from equation (7b). The solution is shown at 21 different moments 
of time with a time interval 5. The dissipation caused by a nonzero o (o = 0.02, fl= 0) is strong. 
If the dissipation is small (crJ3 < 1) the amplitude A obeys the exponential law [24] 
A(t) = sinh2(S2(t)) M Aoe -(2/3)b+0) t. (23) 
If the dissipation is strong, in the case of nonzero cr the amplitude still decays exponentially, but 
in the case of nonzero /3 the time dependence of the amplitude is somewhat different. 
As the soliton (or the solitary wave) travels, a tail appears behind it, and the far edge of the 
tail travels in the direction opposite to the soliton with the nearly unity velocity (the velocity of 
the soliton part is always > 1). The sign of the tail depends on the type of the dissipation: in 
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Lattice point n 
Figure 3. The time evolution of an initial state given by an ideal one-soliton solution 
with Q = 0.02 and p = 0. The initial state is at the top and the time interval is 5. 
- . -- _--- E  __ -- - 
1 Lattice point r! 
Figure 4. Same as Figure 3, but the vertical scale is magnified by a factor 40. 
a-case it is positive, but in P-case it is negative, as shown in Figures 4 and 5. The structure of 
the tail is numerically explored in [21]. 
The numerical solutions of the system (20) (and the solutions of all other systems in this 
paper) have been calculated using the Bulirsch-Stoer algorithm [25]. In this single-step method 
the system is integrated by the simple midpoint algorithm using several subdivisions of the 
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1 Lattice point n 
Figure 5. Same as Figure 4, but a: = 0 and 0 = 0.02. 
400 
original time step. With increasing subdivision we get (in most cases) better approximation for 
the final state of the system. This subdivision data is extrapolated to the zero subdivision time 
step using a powerful rational extrapolation method. This limit is the output of this integration 
scheme. In practice this algorithm works very well with the Toda lattice which is quite difficult 
to integrate, especially when the amplitude of the soliton is high and the local errors tend to 
accumulate very rapidly. In our calculations the number of the lattice sites was 400 or 1000, and 
in order to avoid reflections or other end effects we have used periodic boundary conditions. 
3. AC-DRIVEN DAMPED TODA LATTICE 
3.1. Basic Phenomenon 
To compensate the dissipative losses and thus stabilize the propagation of the solitons, one 
should apply some external drive to the system. The dissipation in the Toda lattice can be 
compensated with an external ac-drive, as has been suggested in [26,27], and verified numerically 
in [28] with some preliminary results. This phenomenon is also demonstrated experimentally 
using nonlinear electrical transmission lines [29]. 
The mathematical procedure is simpler to perform if we use the dissipative Toda lattice in the 
exponential form (yn_i - yn = ln(1 + Vn)) 
ji, = eYn-l-Yn _ eYn-Yn+1 - && - (-l)nfcos(“q, (24) 
where CY is the dissipation factor, 6 the drive amplitude, and w its frequency [27]. The sign- 
changing factor is needed for real energy input. If we assume that the dissipation and driving 
terms in (24) can be treated as small perturbations, the energy dissipated in a elementary cell 
(= two lattice sites in this case) of the chain during the passage of the soliton is (yn is the 
unperturbed single soliton solution) 
n+l 00 
Ed=czc 
I 
bh(t)12 dt 
k=n -00 
(25) 
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and the total energy input from the ac-drive to each cell is 
Ein = e &)’ /- &(t) cos(wt) dt. 
k=n --oo 
(26) 
Proceeding to an adjacent cell, we have the same expressions (25) and (26) for the energy loss 
and input with &(t) -+ &(t + 2/v) when th e soliton travels at the velocity of 21. Generally Ei, 
oscillates from a cell to a cell, so that there is no mean influx of energy into the system. However, 
such an input is possible if the velocity takes the resonant values 
W 
vN = 7r(2N+1)’ 
N=0,1,2 ).‘.. (27) 
To analyze the propagation of the soliton, we write down the balance equation for the soliton’s 
energy E(v) 
dE(v) 
dt 
= E’(v) ti = f v[E&v) - Ed(v)], (28) 
where v = v(t) is assumed to vary slowly in time. To determine the stability of the ac-driven 
motion, we assume that v(t) is close to the resonant values 
V(t) t = VNt + 
,(2r: + 1) 4(t)> (29) 
where d(t) is the phase between the ac-drive and the nearly periodic process of passage of the 
soliton through the cells of the lattice. Inserting (29) into (26), we obtain 
Ein(v) = d&(v) sin(#). (30) 
The coefficient E,(v) depends on the form of the unperturbed soliton yn(t). With the help of (59), 
(60) and (61), we finally obtain the evolution equation for 4(t): 
E’(VN) 6 = CWEJVN) W4) - wed - [FI($J) + Fz(+)l$ (31) 
with 
FI(+) = Ed(W) - fEc(vN) sin(+), 
F2(4) = [EA(VN) - ~EXVN) W9)l VN. 
(324 
(32b) 
The equation (31) can be regarded as the equation of motion for a particle with coordinate 4 and 
mass E’(vN) in the biased harmonic potential in the presence of two friction forces with position- 
dependent friction coefficients. System (31) has a stable equilibrium position (corresponding to 
a local minimum) of the potential [27], if the friction coefficient Fs is positive in this position, 
and if the drive parameter exceeds the threshold value 
ethr = W-&(W) EL'(vN). (33) 
Using the single soliton solution (3) the threshold value can be found explicitly in the limit of 
large velocities: 
eth,. = 4oW h(VN). (34) 
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Lattice point n 
(a). The drive parameter c = 0. 
1 Lattice point n 
(b). E = 0.194 (just above the threshold value). 
1000 
Figure 6. The soliton solution as a function of the lattice points at different moments 
of time t = 0, 10,20,. . ,380 plotted one on top of another using the common zeroline. 
The initial amplitude R = 2.0 and the dissipation factor a = 0.01. 
We have numerically integrated the system (24) in the form 
@ ln( 1 + Vn) + a& ln( 1 + Vn) = Vn+l + V,_ 1 - 2V, + 2( -l)n~ cos(wt), 
using an ideal one-soliton solution V, (0) = sinh2(S2) sech2(R(n - no)) as an initial state. The 
snapshots of the lattice (total number of lattice points was 1000) at various times for two different 
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drives are shown in Figures 6(a) and 6(b) (a = 2.0, v = 1.8, no = 10, w = TV = 5.697, (Y = 0.01). 
In Figure 6(a), the drive c = 0 and the amplitude of the soliton decreases, but with E = 0.194 
in Figure 6(b), the mean amplitude of the soliton does not decrease. The apparent amplitude 
seems to fluctuate because the soliton is quite narrow, and its maximum does not often fall on 
the lattice point at chosen times. In the latter case, we clearly have real energy input. 
In order to examine more carefully the time evolution of the soliton, we have used the eigenvalue 
analysis described in Chapter 1. The amplitude of the soliton corresponding to the dominant 
eigenvalue (the dissipation and the external drive can produce numerous small eigenvalues which 
represent the tail part) is shown in Figure 7 as a function of time for different values of the drive 
parameter e (R = 2.0, w = 5.697, (Y = 0.01). If the drive parameter is below the threshold value 
c = 0.193 f 0.01, the amplitude decays almost exponentially, but with higher values the mean 
amplitude is constant. Above the threshold value the mean amplitude does not change, but the 
phase of the amplitude oscillation is different. 
E= 
0 - 
0.1 00 . 
0.190.. . 
0.192 ----- 
0.194 ---_ 
0.196 ---- 
0 50 100 150 200 
Time 
Figure 7. The amplitude of the soliton as a function of time with different values of 
the drive parameter e (a = 0.01, R = 2.0 and w = 5.697). 
With other initial amplitudes (or velocities) a similar threshold value for e can be found. 
The threshold data produced by hundreds of numerical simulations is collected in Figure 8 for 
three different dissipation factors (a = 0.0005, 0.002, and 0.01) and five different velocities 
(corresponding Q = 1.0, 1.5, 2.0, 2.5 and 2.5). The threshold values are accurate within a few 
percents. The drive parameter is normalized with the dissipation factor in order to compare 
directly the theoretical prediction (34) and numerical results. Equation (34) is valid only in the 
limit large velocities, and Figure (8) clearly shows that all curves converge and approach the 
theoretical prediction with large velocities. However, the theoretical values are always smaller 
than the actual threshold values. It is possible that the dissipation is not the only damping 
mechanism but the system also undergoes radiative losses, and therefore a little large external 
drive is needed for stable propagation of solitons. 
In the limit of minimum velocity (v + l), the normalized threshold values tend to increase 
rapidly. This is probably because of the increasing width of the soliton. When soliton extends 
over several lattice points, the drive partially cancels itself. In the continuum limit (infinite broad 
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50 
40 
30 
20 
10 
0 I I I I I 
1.2 1.6 2.0 2.4 
Velocity 
Figure 8. The normalized threshold values of the drive parameter ~/a as a function 
of the velocity with different values of the dissipation factor. Solid lines represent nu- 
merical results and the dashed line the theoretical prediction 4~ In(v). The stability 
limit (only for o = 0.002) describes the maximum value of E for stable propagation 
of the soliton. 
soliton in the terms of lattice sites) the effect should totally vanish. With small dissipation factor 
a relatively stronger drive is needed. This observation suggests that there are energy losses which 
do not depend, or do not depend linearly, on the dissipation factor, and therefore the normalized 
drive parameter ? = c/a approaches infinity when cr goes to zero. Careful analysis of numerical 
solutions cannot rigorously verify this argument. 
In the strongly dissipative case (e.g., when LY = 0.01) the damping and the driving terms can 
not be treated as small perturbation, but the resonance velocities are still given by equation (27), 
which has now purely kinematic origin and does not depend on details of the dynamics. In this 
case, a soliton solution of the unperturbed system is no longer valid as a zeroth approximation. 
It is surprising that the theoretical prediction (34) is as good (or even better) for large dissipation 
factor as for smaller ones. 
When the drive parameter just exceeds the threshold value, the propagation of the soliton 
seems to be stable, as reported previously [28]. If we still increase the drive and study long term 
behavior the situation can dramatically change. Figures 9, 10 and 11 show the time evolution of 
the soliton amplitude when we go well above the threshold value. In the case CY = 0.01 (Figure 9), 
the amplitude oscillates with a constant deviation if E = 0.200 (just above cthr), but if E 2 0.300, 
the amplitude of the oscillation grows, and later the synchronization between soliton and the 
external drive can even break down and the soliton starts to damp. If LY = 0.002 (Figure 10) 
we have a very similar situation, but the time scale of the increase of the amplitude is much 
longer. With small dissipation (a = 0.0005, Figure 11) the amplitude of the oscillation is almost 
constant. (In the eigenvalue calculations we used 20,000 different values for z in the range I-1, 11, 
and therefore the data is not very detailed in Figure 11, where the amplitude variations are small.) 
It should be noted that the oscillation is clearly nonsinusoidal when we have (obviously) stable 
propagation. 
The upper limit for the normalized drive parameter is 25-40 in order to have the stable prop- 
agation of the soliton. We have calculated the stability limit of e for the case (Y = 0.002. Results 
are shown in Figure 8. Since the careful stability analysis needs extremely long runs, the stability 
limit is not very accurately determined. As an example we have performed one long simulation 
20 
15 
al 
2 10 
s 
5 
0 
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E= 
0.200 -- 
l-J300 
0.400. 
0.500 --.-- 
0.600 ---. 
0 100 200 300 400 
Time 
Figure 9. The amplitude of the soliton as a function of time with different values of 
the drive parameter e above the threshold value (a = 0.01, R = 2.0 and w = 5.697). 
13.5 
13.0 
12.5 
t‘= 
0.040 - 
0.050 
0.060.. 
0.080 ----- 
0.120 ---- 
200 
Time 
Figure 10. Same as Figure 9, but CY = 0.002. 
(Figure 12; (Y = 0.01, R = 2.0 and c = 0.194) using the large lattice (1000 lattice points). Even 
after t = 2000 the oscillation of the amplitude still damps monotonically. Obviously considerably 
longer runs are needed to solve the long term behavior and stability of this system. 
Figures 9, 10, and 11 reveal that the period of the oscillation of the amplitude does not 
depend (or depends only slightly) on the amplitude, but does depend on the drive ‘parameter: 
with increasing drive, the period gets smaller. The period as a function of the drive parameter 
((Y = 0.002, R = 2.0) is presented in Figure 13. It is natural to expect that the period approaches 
infinity as the drive parameter approaches the threshold value. 
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13.2 
12.6 
0 
15.0 
14.5 
14.0 
a, 
2 13.5 
If- 
a 
13.0 
12.5 
200 300 
Time 
Figure 11. Same as Figure 9, but a = 0.0005. 
0.015 - 
o.o*o . . . 
0.040~ , 
0.050 ^^--- 
0.060 ---. 
400 
500 1000 2000 
Time 
Figure 12. The long-term time evolution of the soliton amplitude when (Y = 0.01, 
E = 0.194 and R = 2.0. 
The phase between the soliton and the external drive is important for the resonance condition, 
In all previously described results the initial soliton is centered on an even lattice point. In 
Figure 14, the amplitude is shown as a function of time for constant e = 0.1 (Q = 2.3) but 
different initial position of the soliton. The case ne = 10.0 gives the smallest variation in the 
amplitude, i.e., the best resonance drive. If ne is too far from the optimum value the resonance 
effect will never take place. It is interesting to notice that the initial phase difference between 
soliton and the drive preserves: there is no mechanism which tries to drive the soliton toward 
optimum resonance situation. 
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" 0.04 0.06 0.08 0.10 0.12 
Drive parameter 
Figure 13. The period of the oscillation of the soliton amplitude as a function of the 
drive parameter (a = 0.002 and Q = 2.0 ss in Figure 10). 
30 
25 
9 
g 
2 
20 
10.4 - 
10.6 
10.8 .... 
11.0 ----- 
.-,‘-__ 
15 
0 25 50 75 100 125 150 
Time 
n= 
9.2 - 
9.4 . 
9.6 . 
9.8 __... 
10.0 ---_ 
10.2 ---- 
Figure 14. The amplitude of the s&ton as a function of time with different initial 
positions ne (a: = 0.002, Q = 2.0 and L = 0.1). 
In previous cases, we have only used the first resonance N = 0 (see equation (27)). The next 
resonance drive N = 1 has been demonstrated in Figures 15 (52 = 2.3) and 16 (a = 1.5), the 
dissipation factor (Y = 0.002 in both cases. In Figure 15 we find the clear threshold effect at the 
level E = 3.85. If the velocity (or amplitude) is low, the soliton will never synchronize with the 
external drive even if the drive is extremely strong (Figure 16). Numerical simulations has been 
proved that the stable propagation of the soliton using the second resonance is not possible if the 
soliton velocity v 5 2.0. The threshold values for the drive parameter are presented in Figure 17. 
The velocity dependence is totally different than in the case N = 0, and the actual values are 
10-40 times the values predicted by equation (27). In general it seems to be quite difficult to 
stabilize the propagation of the soliton using the second resonance drive. We have also tried 
higher resonance drives, but we have not succeeded to observe any interesting effect. 
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25 
&= 
0 - 
3.00 . 
3.60 
3.80 _--_- 
3.05 ---. 
0 50 100 
Time 
150 200 
Figure 15. The amplitude of the soliton as a function of time with different values 
of drive parameter using the second resonance N = 1 (a = 0.002, 51 = 2.3 and 
w = 20.2303). 
5.0 
4.5 
3.5 
3.0 _ 
0 50 100 
Time 
150 200 
Figure 16. Same ss Figure 15, but fi = 1.5 and w = 13.3786. 
3.2. P-type Dissipation 
If we add the P-type dissipation we get a new equation 
&= 
2.00 - 
3.50 . . . 
4.50 . 
7.00 ----- 
8.00 ---- 
at” Ml + vn) + 4 141 +vn) + P&V, + apvn = I&+1 + vn_l - 2v, + 2(-l)%cos(wt) (36) 
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4.5 
t 
E 4.0 - 
E 
g 3.5 - 
F 
‘6 3.0 - 
2.5 - 
2.0 2.2 2.4 2.6 2.6 
Velocity 
Figure 17. The threshold values of the drive parameter as a function of the velocity 
using the second resonance N = 1; the dissipation factor (I = 0.002. Below the 
velocity v = 2.1 no stable cases were found. 
1 ji, = eun- - 9, - evn--l-+1 - qjn - pev”-Y”+’ (Gn_1 - tin) 
- a/3(eyn-Yn+1 - 1) - (-1)“e cos(wt). (37) 
The equation of the total input energy has not altered, but the energy dissipated in a elementary 
cell of the chain is changed to the more complicated form, and the evolution equation (31) for 
4(t) is rather cumbersome. We have not succeeded to prove that the system (36) can support 
the stable propagation of the soliton if the drive parameter is chosen properly, but we have made 
some numerical experiments. In order to compare the effects of CC and P-type dissipation terms, 
we must choose the dissipation factors to produce equal damping. If CY # 0, the amplitude of the 
soliton decays exponentially, but in the case /3 # 0 the time dependency is different. Therefore 
the dissipation factors are selected so that the damping rate is the same when the amplitude 
is high. (If we have stable propagation the mean amplitude is constant.) The logarithm of the 
amplitude as a function of time (without the external drive) is shown in Figure 18 for cr = 0.01 
and p = 0.0032. The slopes of the curves are almost equal when the amplitude is high. 
The time evolution of the soliton amplitude is presented in Figure 19 for different values of 
the drive parameter (p = 0.0032, R = 2.0). The real energy input is evident, and there is also 
clear threshold effect at e = 0.30. If E is increased the amplitude of the oscillation tends to 
increase monotonically: we have reached the stability limit equivalent to the o-case. It should be 
noted that the threshold level is considerably higher than in the case of (Y = 0.01 (oh,. = 0.194), 
although the slopes of the decaying amplitudes are equal according to Figure 18. The case 
E = 0.60 in Figure 19 is especially interesting: at the beginning the oscillation is growing but 
later it is decreasing. The stability of this state is unknown. 
3.3. Special Cases 
If (Y = 0, @ = 0 no energy is dissipated from the system but it is still possible to have energy 
input. Figure 20 presents several examples of this situation. If we have a positive drive parameter 
(E = 0.2) the amplitude starts to oscillate with increasing deviation but the mean level is constant. 
Our simulations were too short to reveal how long the the oscillation can be strengthened, or 
have it some stationary state. 
A negative drive parameter produces quite surprising results (e = -0.1, -0.2 and -1.0 in 
Figure 20). The amplitude of the soliton again starts to oscillate but with decreasing deviation, 
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Figure 18. The logarithm of the amplitude of the soliton in the case of (Y- and P-type 
dissipation as function of time. 
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Figure 19. The amplitude of the soliton as a function of time with different values 
of the drive parameter when Q = 0 and p = 0.0032 (0 = 2.0 and w = 5.697). 
and the baseline slowly rises, perhaps converging at a certain level. Stronger drive causes more 
rapid oscillations. The energy balance equation (28) seems to predict that the energy of the soliton 
should decrease. However, the velocity of the soliton does not oscillate around the resonance 
velocity but it is (monotonically) accelerated by the external drive. When the mean amplitude 
is growing, the phase condition between the soliton and the drive becomes less favorable, and 
the growth should stop. Since there is no dissipative balance mechanism, abrupt changes in the 
phase condition are possible; some indications of them are found on the longer simulations. 
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Figure 20. Same as Figure 19, but a = 0 = 0. 
Other experiments with a negative drive parameter are shown in Figure 21. In the dissipative 
case (o = 0.01, E = -0.2) the external drive can drain energy from the soliton but only locally. 
With negative dissipation factor ((Y = -0.01, E = -0.2), when the amplitude of the soliton 
increases exponentially, the energy output is more significant (because of more suitable phase 
condition at the beginning), but we have not succeeded to stabilize the propagation of the soliton. 
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Figure 21. Same as Figure 19, but different combinations of the positive/negative 
values of the dissipation factor and the drive parameter. 
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3.4. Collisions 
The existence of the stable propagation of solitons in the dissipative lattice serves interesting 
new problems, for instance collision of solitons. For the over-taking collision the velocities of the 
colliding solitons must be different, In principle this is possible with the simple external drive, 
if we use &tons corresponding to different resonance velocities (e.g., iV = 0 and N = 1) [27]. 
In Chapter 3.1, we demonstrated that it is quite difficult to use the second resonance, because 
the drive parameter needed must be very large. Unfortunately, the strong drive with the first 
resonance unstabilized the propagation of the soliton. This is also true in the case of the head- 
on collision. Therefore we have concentrated on the head-on collisions using the first resonance 
velocities. 
Figure 22 shows the amplitude of the soliton as a function of time in the head-on collision 
of two identical solitons (Q = 1.5 for the both solitons; (Y = 0.01) for different values of the 
drive parameter. Since the collision is symmetrical, only one set of curves is displayed. If drive 
parameter is just above the threshold value (E = 0.16 or 0.20), the solitons do not survive, 
neither with the moderately strong drive (E = 0.40). Only within a small range of E the solitons 
can continue from the collision without losing the synchronization with the external drive. The 
obvious reason for the unsynchronization is the phase shift which the solitons undergo in the 
collision. In the successful case, the amplitude curve in Figure 22 has a sharp cusp at the 
moment of the collision (and an abrupt change also in other curves) which indicates a jump in 
the phase conditions. Further simulations of collisions have revealed that successful collisions are 
not very likely: they are possible only with .almost discrete value(s) of the drive parameter. If the 
dissipation factor (Y 2 0.02, no successful collision has been found above the soliton amplitude 1.5, 
regardless of the strength of the external drive. 
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Figure 22. The amplitude of the soliton ss a function of time in the head-on collision 
(a = 0.01 and 0 = 1.5). 
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_.___ 
An example of solutions of the unsuccessful collision is presented in Figure 23(a), (e = 0.2), 
and the successful one in Figure 23(b), (c = 0.3). The initial state (at the top; time interval of the 
solutions was 5) consisted of two ideal one-soliton solutions with Q = 1.5 (= good approximation 
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(a). The time evolution of an initial state given by a two-soliton solution (01 = a2 = 
1.5) with cy = 0.02 and 6 = 0.16. The initial state is at the top and the time interval 
is 5. Solitons collide in the middle of the figure. 
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(b). Same ss Figure 23(a), but E = 0.30. 
Figure 23. 
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of the real two-soliton solution because the overlap of the single solitons is very small) centered 
at the lattice points 7x0 = 100 and 300. 
In order to study more carefully the phase shifts during the collision, we have plotted in Fig- 
ure 24 the positions of the solitons from Figure 23(b) es a function of time. In the nondissipative 
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Toda lattice, the phase shift C$ of solitons is given by [2] 
exp(4) = (8 - E# - sinh2(fh - 02) 
(Pi + Pz)~ - sinh2(S2r + &) (38) 
with Pi = sinh2(Ri). Equation (38) gives the phase shift 4 = -1.5 (a x 1.5 before the collision), 
and in lattice points An = 4/R = -1.0. A small temporary phase shift can be seen in Figure 24 at 
the moment of the collision, but after the interaction both solitons continue on the original path. 
The external drive probably forces the solitons back to the earlier trajectory and no permanent 
phase shift is produced. This is in contradiction to the results of Figure 14, where the no restoring 
mechanism in the phase condition was found. Probably the evolution equation (31) of the phase 
of the soliton was essentially changed by the other soliton and therefore the phase dynamic is 
also altered. 
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Figure 24. The positions of the solitons from Figure 23(b) as a function of time. 
The collision of two solitons with different velocities can be realized if the simple drive term is 
replaced with the sum of several different drives 
F&ive(n) = (-l)n 5 Ci COS(&t). 
i=l 
(39) 
The selective drive is possible because of the soliton inputs energy only from the source whose 
frequency is close to the soliton velocity. The time evolutions of two different solitons (0, = 2.0, 
02 = 1.0) in the strongly dissipative lattice (a = 0.01) with the corresponding resonance drives 
are presented in Figure 25. If the drive strengths are suitably chosen (~1 = 0.3 and ~2 = 0.2), the 
solitons survive the head-on collision. Figure 26 shows explicitly the solutions as a function of the 
lattice sites at different moments of time. Both solitons seem to continue the stable propagation 
after the collision. 
4. CONTINUUM LIMIT 
The continuum limit of the dissipative Toda lattice can be formed by approximating the dif- 
ferences with the truncated series 
(40) 
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Figure 25. The amplitude of the solitons as a function of time in the head-on collision 
using two different drives (a = 0.01). The amplitude of the smaller soliton (0, = 1.5 
and cs = 0.2) is the dotted line on the bottom. The amplitude of the taller soliton 
(Q = 2.0) is presented with two different values of the drive parameter and also in 
the case of no collision. 
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Figure 26. The time evolution of an initial state given by a two-soliton solution. The 
initial state is at the top and the time interval is 5. Parameters are the same ss in 
Figure 25 with cr = 0.3. 
and using the transformation [30,31] 
a:=7p(n-t), .=$I$ v+ (41) 
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where r~ is an indicator of slowness. The lowest nontrivial terms (order 0(v3)) yield the dissipative 
KdV-equation 
U, + 62~21, + u,,, + (YU = 0, (42) 
which has the single soliton solution (in the nondissipative case (Y = 0) 
u(z, 7) = ; sech2 
[ 
J;s -2- (z - 90 - vt) 1 . (43) 
As mentioned in Chapter 3.1, the effect of the external drive vanishes in the continuum limit when 
the soliton is very broad and the drive cancels itself. One possibility to construct a continuum 
system with a relevant external drive is to “rediscretize” the drive term. An example of this is 
equation 
u, + 6uuz + u,,, + QU - ECOS(W7) 2 S(z - M) u(z, 7) = 0, (44) 
k=-oo 
where S is the Dirac function. The last term acts like a negative dissipation term which is evenly 
positioned at the discrete spatial places with the space of h. The KdV-equation without the 
dissipation and the drive has the (first) conserved quantity 
&i = lrn u(z, r) dx = constant, (45) 
--oo 
which can be regarded as an “energy” of the system. With the dissipation and the drive, equa- 
tion (45) has the form 
8, 
I* 
u(z, r) dx + a 
--oo r 
u(x, T) dx = Ein(7), (46) 
--oo 
where the input energy is 00 CQ 
Ei, (T) = c COS(WT) J c S(x - kh) u(x, T) dx. (47) --OO k=-oo 
As with the Toda lattice, the real input of energy is possible if the soliton velocity 21 takes the 
resonant values 
vN = (2& 27r’ 
iv=0,1,2 )...’ (48) 
Next we assume that the velocity v is close to a resonant value v,, i.e., v = UN + (h/r) $, where 
4 is slowly varying phase shift between the soliton and the drive. Inserting v into equation (46) 
we finally get (in the integrations we can use the unperturbed solution (43)) 
J+ai+~ = & ~COS(WT) c kEIm*ch2 [$ (M- (,,,+a,))]. (49) 
This equation, which has the same role as equation (32) for the ac-driven Toda lattice, describes 
the damped harmonic oscillator with the very complicated driving force. We have not succeeded 
to prove that this equation has stable equilibrium positions if the drive amplitude exceeds the 
threshold value. Numerical results, however, suggest that system (44) has the same dynamic 
properties as the ac-driven Toda lattice. For numerical integration we have used the Bulirsh- 
Stoer method with the leap-frog scheme for the spatial derivatives (Ax = 0.1) [32]. The solutions 
are shown in Figures 27(a) and 27(b). The initial state (on the bottom) is a single soliton 
solution (43) with the amplitude of 6 (the velocity v = 12 and the drive frequency w = 37.7) and 
the dissipation factor cr = 0.1 which means quite heavy damping. The half width of the initial 
soliton is about 1, and in order to have efficient drive (no partial canceling) the drive space was 
set to h = 2. In Figure 27(a), (e = 1.0) the soliton decays due to dissipation (because of periodic 
boundary conditions the soliton appears again from the left), but in Figure 27(b), (E = 5) the 
soliton propagates with the almost constant amplitude. For clarity, the amplitude of the soliton 
is presented as a function of time in Figure 28. These curves resemble very much the ones of the 
Toda lattice. 
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(a). The time evolution of the KdV-soliton under the dissipation ((Y = 0.1 and the 
initial amplitude was 6) and the external drive (E = 1 and h = 2.0). The initial state 
(=an ideal one-soliton solution) is on the bottom and the time interval is 0.5. The 
system has periodic boundary conditions. 
Position x 
(b). Same as Figure 27a, but E = 5.0. 
Figure 27. 
5. CONCLUSION 
It has been shown that the ac-driven damped Toda lattice has very rich variety of dynamic 
properties. As the dissipation is a common effect for almost all physical systems, it is interesting 
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Figure 28. The amplitude of the solitons from Figures 27(a) and 27(b) as a function 
of time. 
to find the mechanism which can compensate inherent losses of the soliton systems. The phenom- 
enon described here mostly by numerical results needs further analytical work which can reveal 
the underlying dynamics and stability conditions also in the case of strong dissipation. The use 
of the discrete drive in continuum systems can also open new useful views for the soliton concept 
in real systems. 
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